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1.0 INTRODUCTION

The objective of the proposed research is to develop predictive models characterizing the
response due to deformation, diffusion and reaction in service environments for PMR-15 resin
composites. The principal investigator has developed a theoretical model from a fully
thermodynamic standpoint to describe the response of polymeric composites that are subject to
diffusion and chemical reactions due to hostile environmental conditions. The thermodynamic
framework is very general and has been used to describe the disparate and diverse response by a
large class of materials: viscoelastic fluids (Rajagopal and Srinivasa (2000), Krishnan and
Rajagopal (2004)), inelasticity (Rajagopal and Srinivasa (1998)), crystallization of polymers
(Rao and Rajagopal (2001), twinning (Rajagopal and Srinivasa (1997)), Kannan et al. (2002)),
shape memory alloys (Rajagopal and Srinivasa (1999)), single crystal super alloys (Prasad et al.
(2005), Prasad et al. (2006)), and viscoelastic solids (Kannan and Rajagopal (2004)). There are
two central ideas on which the framework is built. The first is that when a body undergoes an
entropy producing process, the underlying natural configuration" of the body (see Rajagopal
(1995) for a discussion of natural configuration) usually changes and the second, the constitutive
relation that describes the response of a body, from amongst a competing class of possible
response functions is one that maximizes the rate at which entropy is produced. In this work,
using both these above ideas, a model is developed to describe the response of a viscoelastic
polymeric solid due to its deformation when a fluid is diffusing through the solid, taking into
account temperature effects. Such a model can be used to describe, in addition to PMR-15 resin
composite, a whole host of viscoelastic polymer composites due to hostile environmental
conditions, namely high temperature and the diffusion of moisture through the body.



2.0 DEVELOPMENT OF A VISCOELASTIC SOLID MODEL WITH DEGRADATION
DUE TO TEMPERATURE

In this section, we shall first develop a model for the viscoelastic behavior of PMR-15. This
model also accounts for degradation due to high temperatures.

2.1 Preliminaries

Let 1 be the reference configuration and «, denote the current configuration. Then, the motion

X« 1S the one - one mapping that assigns to each point ,apoint x € xy, atatime t, i.e.,
1)

Let “r(t) denote the natural configuration (stress - free) configuration corresponding to #+. This
natural configuration is reached instantaneously from the current configuration, by the body,
upon removal of a load. The deformation gradient F is defined by

)
Let be the gradient of the mapping from “»(*) and let G be the gradient of mapping from
KR to "r(t) (see Figure 1). Then,

©)
or

(4)
We shall denote the left Cauchy - Green stretch tensors

()
We shall also define the velocity gradients

(6)
with their symmetric parts by

(7)
Also, we define

(8)
where 7() s the trace operator for a second order tensor. Now,

(9)

where () is the time derivative of the second order tensor. In addition,



where (-) is the time derivative of the second order tensor. In addition,

B, =F.  FT +FFL

Kp(t) Fp(t)
T
= Ly By(t) + By Lipis) (10)
and similarly
Bi = LgBg + BoLE. (11)

Hence, from (9) and (10), we have
Bp“) = LBp(f-) + Bp(l‘)Lj’n{(f) - FH‘P(H (LG’ + Lg) FI_1 "

Kp(t)

(12)

and so

v 1*
By)= —2Fx,,DcFy .

Kp(t) (13)
-

where () is the Oldroyd derivative. The non - isothermal reduced energy dissipation equation
(Kannan and Rajagopal (2004)) is given by:

§_ b .grad #

T.D — ptp — ps
P — ps 5

= =E >0,
Pl =¢§ > ( (14)

where T is the Cauchy stress, ¢’ is the specific Helmoltz free energy, # is the density of
viscoelastic solid, ¢ is the temperature, 3 is the specific entropy, i is the heat flux, € is the rate
of entropy production and ¢ is the rate of dissipation.

2.2 Constitutive assumptions and maximization of the rate of dissipation
2.2.1 General results

Now, we shall assume that the viscoelastic solid is isotropic and incompressible with the specific
Helmoltz potential of the form

P = 'fff’(Bp(t)' Bg.0) = 'J’(IBP(:)‘ IIB)JH) Ipg. 1B, 0)- (15)
Based on the assumption of isotropic elastic response, we choose "(t) such that
Froy = Yy (16)
where Y% is the right stretch tensor in the polar decomposition of Fro,
We shall also assume that the total dissipation can be split additively as follows
. . qp.grad 6
TD —pp—psb=¢, >0, ——S "~ —¢ >0,

P — psth = Em = 0, 7 e 2 (17)
where &m-&e are the rates of mechanical dissipation and dissipation due to conduction
respectively. Now, we constitutively choose

qn = —k(f)gradd, k(0) >0, (18)

where k is the thermal conductivity; so that (17(b)) is automatically satisfied.

Now,



,,j)

i 0 0 |
I " 1= B B
(OIBP(() + Bpm(’)[IBpm) oIy » p(t) p(t)

o Rl o : au
1 I- Bs;| B
+ (0136 +1Bg ougc) allg, | ¢ + 207 (19)
and using (10), (11) along with (16) in (19)
. o M o 9
=2 i gt (D —-Dg
(0 [(GIB N + ]B,,(g)cf)lf p“)) Bp(f) C)IIBP . Bp(t) (D DG)
oz ()@/ d?/! 2 N -
2 I Bs———-B;| D —9.
+ [(OIBG e 51, ) S~ BT, ¢t 59 20)
Also, we assume the mechanical rate of dissipation to be of the form
Ern. = Em(gw. Bp(t)» DG) (21)
On substituting (20) into (17(a))
N N op
T-2p | —r — :
p (01310“) + IBp(f) aIpr(“ ) Bp(l‘-) + Zpafpr“) Bp(f) D
o o (')dn) 9
+2p (aIB - 15,0501 pm) Bt ~ OIlg, ol1,,, v | D6
b A M s
—9 - .
P K(‘)IBG 56 3T 15e ) Be = 315, o6 | P
0*@7; .
2 [89 + ‘3] )
—_ 5)-”(9. Bj)(f)‘DG)‘ (22)
We shall choose
g O
‘ 06’ (23)
and define
O o o,
() ==pil+2p ( +1IB,, ) Byt) — 57— B | »
e g, MO Tn 5 ! dllg,, Bl (24)
o N oI
Tqg :=pIl+2 —— + Ip. = B — ——B; |,
gesahorsp (E)IBG 8o aUBG) o G} 25)
where P1, P2 are the Lagrange multipliers. Using (23)—(25) in (22)
(T = Ty) D+ (Tp) — Ta) Da
= Em-(g-: Bp()‘) ] DG)' (26)



From constraint of incompressibility, we have
tr(D) = M‘(me) =ir(Dg) =

Since, RHS of Eqn.(26) does not depend on D, using (27),
T =pl+ T,y

where P is the Lagrange multiplier due to incompressibility, with
(Tp(f) - TG') -DG = ffm (Bp(t)w DG):'

which can be re - written as
(T — Tg) D = &n (Bp(f)' Dq¢).

using (27) and (28) .

Now, following Rajagopal and Srinivasa (2000), we maximize the rate of dissipation &m by

varying D¢ for fixed Bu), For this, we maximize the function
q) = f-m + /\l [fm - (T - TG) DG] + AZ(I'DG)-
where \;, \» are the Lagrange multipliers. By setting, 9®/0D¢ = 0, we get

}\2 )\1 =+ l) a‘fm

T = T + 221 i
G+)\1+( N/ D¢

()\l S 1) — gm
)‘.l (%gﬂ;‘ .D(; '
and so (32) with (25) becomes

P ) o
T =2 Lo d Be— —~BY
P [(BIB( Bo oIl ) ¢ Bllp,

On substituting (32) in (30) we get

gm (‘)ém 3
AL
(d“*D oDg |

dD¢

where \ := %f + po is the Lagrange multiplier due to the constraint of incompressibility.

Finally, the constitutive relations for the viscoelastic solid are given by

D ) o)
= Filg i | Bagy ~ et —Bs |
(dlﬁpm m)dIIBpm) - ollp,, )

. o o o 2
T = A 42 41 Bs— - B2
wah Kar,gb B¢ 5115 ) % alila,
()u’)
"0

T=p1+2p

q, = —k(f)gradf, s=
2.2.2 Specific case
Specifically, we choose the stored energy as

3 : S i 2 0\  neo— pait Hpo — fp1 0
b= A (B ) (6 — 0,)—L (6 — 8,)2—c3oln | L) HoO—HGr¥ g gy oo — lipn©
= 24(B4) (0 - 8- F (6 - 0.7 cpom ) + 100 1 )4 A

(Iﬁp(r)_

27)

(28)

(29)

(30)

(31)

(32)

(33)

(34)

(35)

3),(36)



where 1o, pica. 1ipo, pp1 are elastic constants, 6, is a reference temperature for the viscoelastic
solid and the rate of dissipation as

Em = 110) (Dg.Bmeg)m , (37)
where 7 is the viscosity.
Now,
. c)g?;
T
(38)
s ] s s 0 s Gl Hpl

— -—(B + Cg) +C]. (9 — 9;) + (:2111 (Qq) “i‘“ C2 ‘+‘ m(IBG — 3) + 2[)9q( BPU) — 3) (39)

(40)
e =1+ 0s

. A8 s 8 c:li 2 2 HaGo . ﬂ"PD .
=A*—B%0,+c5 (60 —0,) + B (67 —65) + 200, (Ipg —3)+ 200, (LB, — 3)- @
and the specific heat capacity Cv is
Cp = —€f =10+ c. (42)
Then, (35) reduces to
T = pI + ILPBP(#)‘
- ] m—1
T =M+ icgBg + 2 (Dg.Bp(t)D(;) (BPU)DG + DGBp(f)) , (43)
- tpo—pp16 LG1— GO
where = "_UHfLJ A = He1—pcot

'qs
>

. From (43)
= = n m—1
(p— NI+ 3,B,¢) = BeBg + 2 (DG'BP(!)DG) (BP(UDG + DGBPU)) L

(44)
~1
and so by pre - multiplying the above equation by BPU) and taking the trace, we get

figtr(B }\ Bg) — 31,
(p == )\) = ) T I -
tr(B, ) (45)
Using (45) in (44), we arrive at the following evolution equation for the natural configuration
fitr(B, 3 Be) — 37

o)
tr(B,)

- - i m—1
I+ 0By = icBe + 5 (De-BynDe) (ByyDa + DBy

} (46)
This is the evolution equation of the natural configuration. Thus, with the current choice of
energy storage and rate of dissipation, we arrive at the following constitutive equations:
T = pI -|— ﬁ’i‘Bp(f) (47)



and

!’le'f‘(B;(bBGJ — 3iip

tr(B

£ P 7 m—1
S |1+ By = 6B + § (DaByoDa)"™ (ByyDo + DeBy).
p(t) (48)
along with
Lersi X =
Dg=-3V Byt) Vh‘pm (49)

2 Fp(t)
The above model reduces to the Maxwell fluid- like model derived by Rajagopal and Srinivasa
(2000) when m =1 and jig = 0.
2.2.3 Application of Model

We shall apply this model to a deformation that is homogeneous and in uniaxial
compression/extension, given by

1 1
z = A(t), Yy = o — 50
r=At), y Y0 0 (50)
The velocity gradient is given by
N D D N
L(hag{X'_ﬂ’_ﬂ}' (51)
We shall assume
11
Bp(” = {B. —B, —B} . (52)
So,
: . : B B
Bp(f) = (hdg{B_w—dﬁ_W} f (53)
v : . 2B\ B X B A
- 1 1
V'{]?(f) = (hag {\/E Bl/"l : W} (55)
and
1 (B 2% B A B
DG“?‘“Q{E‘T;‘@X‘@} (56)
Also,
G=V_!F
plt)
. A BY4 B4 (57)
= diag : ; .
\VB VA A



which gives

2 VB VB
B = diag LR
(58)
and
N B B
- B, e - 1y
B, Bc = diag { TR } 59)
Substituting (52), (54), (59) in (46) and for ™ =1
B _ BA @/\_2_@3_{“( (A® +2B°) — :s*j;,\Bﬂ}
2 A n B ] \B (1 4 235/2) (60)
In general, we get the following evolution equation for the natural configuration
' : 2 e (A2 +2B%) — 30,82\
ey B L _ ﬁ(;)‘——ﬁpB— fic (X +2B°) 371
2B ?B(B—l— )m 1 B B/\(1+2B5/2)
| V (61)
Now, plugging (52) into (47) and using the fact that lateral surfaces are traction free
1
Th=p (B - —) )
U VB 62)

2.2.4 Comparison with experimental creep data

For the loading process, with known constant applied stress 711 and material properties, (62) was

first solved for B(t). Then, (60) was solved with initial condition A(0) = B(0), For the
unloading process T11 was set to zero and & was evaluated using (62). Then using the initial

condition A7) = A7) — !, where li is the time when unloading is started, / is the instantaneous

elastic stretch, Alt) during the unloading process is evaluated using (60). All the calculations
were done in Matlab using the “ode45” solver.
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Figure 1. Comparison of the model with experimental data for creep (Falcone and
Ruggles - Wrenn (2009)) of PMR - 15 at 288°C.

o = 8 I 8 o — A2 12 I
The parameter values used were fc =4 x 10 Pa, lip, =4 x 10 Pa.’ n=6.436 x 10 Prj.’ m=1

The creep data from our model was compared to the experimental creep data of Falcone and
Ruggles - Wrenn (2009) for PMR - 15 at 288°C'. ‘fminsearch’ function (which uses
Nedler - Mead simplex method) was used to minimize the error defined by

2 2
error = w X > (Etheo,load — 56‘.{';;.10&(?) +(1—w) x - 2> (Etheo,unioad — Et:!‘p.;m!uad) ‘ (63)
Z (Ee:l'p.loud) Z (Ee.l'p.u.m'(md)_

where &4,., denotes the theoretical strain values, e, denotes the experimental strain values, the
suffixes load, unload denote the values during loading and unloading processes respectively, w
is weight. A weight of w = 0.75 was used since there are fewer data points for the unloading
process. The best - fit values of the parameters were found to be jig = ji, = 4 x 10® Pa,

n = 6.436 x 10'? Pa.




3.0 DIFFUSION OF A NEWTONIAN FLUID THROUGH A VISCOELASTIC SOLID

In this section, we shall extend the model developed in the previous section to include diffusion
of a Newtonian fluid (like moisture).

3.1 Preliminaries

Let us consider a mixture of a Newtonian fluid and a viscoelastic solid. We shall also assume
co-occupancy of the constituents i.e., at each point x in the mixture at some time ¢, the two
constituents exist together in a homogenized fashion and are capable of moving relative to each
other. We shall denote the quantities associated with the compressible fluid through the
superscript f and with the superscript s for that of the solid. Now, we shall define the motion ’
for the i - th constituent of the mixture through

x=x(X"t), i=/fs (64)

where X' is the material point of the 7 - th constituent in its reference configuration. We shall
assume that the mapping x‘ is sufficiently smooth and invertible at each time t. The velocity
associated with the i - th constituent is defined as

i _ ay'
iy (65)
and the deformation gradient through
- aXi
B = e (66)

The density p and the average velocity (also known as barycentric velocity) v of the mixture
are defined by

p= Zpi, v = ;Zp"‘v":. (67)

We define the following derivatives for any scalar quantity ¢’ by

¢ 9d  di¢t o ¢ 9 O

T @ s VT XX (68)
where
¢ = (x',1) = ¢ (XU, 1). (69)
Hence,
digt ot o
P h v, 7
It o + Vo'v (70)
and we shall also define the following
dpp O :
B2 v, (71)

10



The velocity gradient for the i - th component L‘ and the velocity gradient for the total mixture
L are defined by

Li=Vv), L=Vv. (72)

d viv' : g i : T TR ; £ 3
(H(F+ 5 )—dlv(T.vq)err +p'b'v' + E' 4+ m'.v', (73)

where ¢, @', ™" are the specific internal energy, heat flux, radiant heating associated with the ?

- th component and E'js the energy supplied to the ? - th constituent from the other
constituents.

Now, taking the scalar multiplication of Eqgn. (78) and v’ and subtracting the resulting equation
from Eqn. (82), we arrive at

d ¢

dt = T.L! — divg® + p'r* + E?,

(74)

Now, using ¢ ="+ 010" where ¥', " are the Helmholtz potential and specific entropy of the ¢
- th constituent, with ¢ being the common temperature of the constituents at a point in the
mixture, Eqn. (83) along with Eqn. (76) results in

8 ¢y ST IN D PRSI £ | 'z £ 3 i ok ed
a(pn)erlv(p?]v)—HT.L (hv<9) 24 V9+H r+9E

(L
g\ dt TE (75)

i Oul ) )
Now, using the fact that 7 = ~ a9, we can establish the following result:

di’ 5 LA dit oyt dig (")'z,[* ot 08 5 .o
— —_ _— = & )
at " ar T Tar T o0 dt ot odot) Y 90

B ( dt 'l,"_J"I )
d"f B=constant (76)

q:zqi‘ Tl_ljgpz:,.z:

We shall define

(77)
Using the relation (85) in Eqn. (84) and summing over ?, we get
‘) 5 1 i i 3
é (Z ,r)'v)‘) + div (Z it ’) = ZT'.L — div (%) 92q NO+p (9)
(l! T
13 (_) |
Z Z dt O=constant (78)
Equation (87) is the balance of entropy with the rate of entropy production ¢ being
‘ i,/i
ZT I = qv9+ ZE‘ p*-(‘”’) .
8 0 3 dt f=constant (79)

11



We shall assume that the total entropy production can be additively split into entropy production
due to thermal effects i.e., conduction (¢¢), and entropy production due to internal working and
mixing (¢m). We shall require due to the second law of thermodynamics that each of these
quantities be non - negative. This implies that

q.Ve
g 1= — 2 >0, (80)
: 1 S| | o[ diy
m = 3 T{-LL i El - = ; > 0 81
C 0 ; ' 0 ; 0 i ’ ( dt )H—lestnnt N ( )

We shall choose q = —k(p,8)VE, k > 0, so that (89) automatically satisfies. Also, if we define
the rate of dissipation ¢,, := 8¢, then

T 1 '} d {/’ .
ZT i Z B Z ( dt )H_(*ansfmit _é Z v (82)
Assuming
Z B Zm"'.v" =0, (83)

Eqgn. (91) can be re - written as

iTi i i i ((d
ZT L= Z ey Zp (((T)H_C{mstmu‘ N 5’”' (84)

2

Now,

Z[)z‘ ((ﬂc';f-) _ (()_); (Z [),w;) + div (Z ,r)'l"tvf)
= f)(ii + div Z P (v' —v) (85)
dt : i

where ¢ := %Z . pv' is the average Helmoltz potential of the mixture.
Finally, from eqgn (94) and Eqn. (93), we arrive at

X:T".L"j - Z:ntl".v£ — [p— + div (Zp ) v - V) )] = L. (86)

O=constant

Assuming that all the components have the same Helmholtz potential (95) reduces to

ZT’ LJI Z m V = (Pﬁ) = 6???.- (87)
O=constant

3.2 Constitutive assumptions

Let «, denote the current configuration of the mixture and let g, «, denote the reference
configurations of the solid and the fluid respectively. Also, let r,,, denote the natural

configuration of the viscoelastic solid (see Figure 2). Now, if F', i = f, s is the gradient of the

12



reference configuration of the solid current configuration of the mixture
Rt

KR

natural configuration of the solid

Ky

reference configuration of the fluid

Figure 2. Constitutive Assumptions

motion (usually known as deformation gradient) X (X 1) and = "»( is the gradient of the
motion of the viscoelastic solid from “»() to #¢, then

G%:F@ﬁ)y{

Mpe (88)
We shall assume that the specific Helmholtz potential for the mixture is of the form
wzw@JﬁijH@?@hjbmjuﬁﬂ, (89)
And
dy  d% :
— = — v*).grady
dt a = %) e (90)
4 [(0& M ) N I
= == 7 tip e | 1=~ e — By — e — B By
dt Ap,, a )()IIBP(U Allg,,, ! dIIIBvU: B } (91)
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o o o o )
—I—[(,—q—f—f ;E—Q)I—. ¥ Bs — ;o B(—}——qﬂ—l—(v—v)gmdi/).

dlp, ' P9allp, dllp, © olllg, © a0 92)
where we have dropped the superscript ¢ over B, Bu) for convenience, and () is diz(f ).
Now,
F=F,, G+F.,, G
PPl FH O B L,
= L =Ly +F.,, LoF; :H
=>D=me+%(F oLoFik, +F:L LLEL . (93)
where () is the time derivative of the second order tensor. In addition,
B¢ =F., FT +FF]
= Ly)Byu) + BP(ULP(?‘)‘- (94)
and similarly
Bg = L¢Bg + BgLE. (95)
Hence, from (102) and (103), we have
By = LBy + By Ly = Fry (La +16) Fi (96)
Based on the assumption of isotropic elastic response, we choose “»(t) such that
Froy = Yy (97)
where Y0 is the right stretch tensor in the polar decomposition of Fripo
Using (102), (103), (104), (106) in (101), we get
_ a7 " S
=i Koﬁ” + IBM’%‘—)I?;M) By — a;;;mefm - (’)If;BPm I|.(L°—Lg) 8)
2 (d(;ic *+15q d;);j,;C) Bo - d?[i( B - afé;?,gcl chl ()T(ég =3 ©9)
Volume additivity constraint:
¢*+ ol =1, (100)
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(/)1. — ‘_i '
where Pr, i =s.f. Also, we shall assume that the constituents are incompressible in their

natural states, i.e.,
pg = constant. (101)

Eqn. (76) using (110) can be re - written as

AP’ v
‘ liv (¢'v') =0,
By +(1v( v) (102)
which implies
oS, ¢t .
z():f Y | div (Z g/)?v"') —0
' i (103)
= div (qﬁfvf + ¢5v5) = O(using (109)). (104)
Eqn (113) can be re - written as
(L) + ¢ tr(LF) 4+ ve.grade® + v/ .gradg’ =0 (105)
Again from (109), we have
grad¢® + grade’ = 0, (106)
Hence, using (115) in (114), we arrive at
*tr(L?) 4+ ¢ tr(LF) + Vs, rograde® = 0, (107)
where Vs.r =V — Vf, is the velocity with which the fluid diffuses with respect to the solid.
We shall also assume that the rate of entropy production is of the form
- 5 s f
5771 - Em. (LGH F}J“). L s 6' V,;\f) . (108)
Now (96) along with (80) reduces to
; : A 11 ; oa
T L*+ T/ Lf —msv, ;- (p(_*) =& (LS, FS 0, L, 0,v, 5 ) .
d dt O=constant ( ¢ 2{t) f) (109)
Using (108) in (118), we get
T°.L° + Tfo - ms'v&f - TI:(?‘) (LS - LE—;’) - T&LE{ - ,O(V - VH)' (gradw)ﬁ:ro-nsfr,f'nf
— IR Nt f :
= &m (LG’ p(t)’ L ’Q’V'S-f) ) (110)
where
B?f) ) o 9 N ]
T . :=2p || - 3 T ‘7’)13 . A, - . N, S,
(1) P ’(f) % 2
= [(dIBm: mdﬂﬁ’pm : ‘)HBPM it ()IIIBFU)
(111)
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TS =2 — 4+, —— |Bg— ——BL — ———1I
G=ap [(aIBG + 1B f)HBG) G~ BIlg, © 8lllg,
Eqgn. (119) with the constraint (116) can be written as
T°.L° + T/.L/ —m®v, ; — T}, (L° — Lg) — TG.LG — p(v — v*). (2radt) g o stant
£k (@*"u-(L-*) + ¢ te(L) + v, f.gradqb'“") —E, (Lg, ). L7 0, v,, f)

(112)

(113)

We shall further assume that the rate of dissipation can be additively split into the rate of
dissipation due to mechanical working, rate of dissipation due to the fluid and the rate of
dissipation due to diffusion of the fluid, with specific forms as follows:

: s s f - s f pf ;
Em (LG" Fp(f)' L ? 0, V-“'!‘f) - ’S (LG‘ BIJ(-')‘ 6) +vD’. D’ + O"(e)v-‘*-f'v-“‘f' (114)

Then, from (123) and (122), we arrive at
T°L* + T/ L/ —m*.v, ; - Ty (L° — Lg) — Tg.Lg — p(v — v*). (grady)

f=constant

+ A (qb“‘tr(L"") + ¢ tr(LY) + vs‘f.gra(lgb”) = ¢ (L. By, 0) + vDI DI + G(H)V"”“f'v's'f(llS)

which can be re- written as
LY. [T+ A0T = Ty | + LY. [T/ + A6 T - wDf] + (T, - Ti5) L

+ v 5 [—m’" + A gradg® — a(f)v ; + p-f (gradft;’ﬁ)sznstﬂm] =¢£ (L} B, 9) , (116)

using the fact that ~ (v—v*)=plvas, Since, the right hand side of (125) does not depend on L’
LY and Vs.s, we have

T = AT+ Ty, (117)
Tf = —)\(,b'rl + D, (118)
ms = )\ grad(jbs — W(H)Vg.f + ,Of (gl'ﬁd".i')9=mmnmt ! (119)

and so (125) reduces to

(T;(f) B TE’) Le =¢ (LE‘ BP(")“ 6’) (120)

Now, we have

pr=p" 0" = p*Jgd;, (121)
where Ji = det(F}) k=G, p  or no subscript, From (110) and (130) and further assumption
that there is no diffusion of mass from “»(t) to %+, we have

5 Js

d*.J?,
Ji = constant = —< =0 = trL& = 0.
4 ’ dt % (122)
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Next, we shall maximize the rate of dissipation & with (129) and (130) as constraints. We shall
maximize the auxillary function

b=+ [E = (T;J(f) = T%‘) LE] + p (LLg)

(123)
Now,
0P (B+1) ¢ & i\ g M
oy =7 B oL (T~ T5) + 51=0. (124)
Taking the scalar product of (133) with L and using (129), (131)
B+1) &
2 (125)
Next, taking the trace of (133)
(L S PR v W S
53 [“ (TP“) TG) ;Ti.Lg.tl (0Lg)] '
G 7 (126)
The evolution equation for the natural configuration of the solid is given by
s) M £ ¢
(TM” B TG‘) =5 T3 . oL,
' oL e (127)

We shall assume the following specific form for the specific Helmholtz potential of the mixture

0o |8,

b= A+ (B +c3) (6 — 0,)—L (0 — 6,)2—c30ln (ﬁ) LHoo —ueil gy teo — i

0, 200, 208, 0
(128)

where HGo. HG1s 1po, 1P gre elastic constants, s is a reference temperature for the viscoelastic
solid

-3),

Now,
s = —f

54 8y o s (8 s He (
=—(B*+¢5)+c (0—06,5)+c3ln (E) +c+ ZZ/)—HSUBG =23

Ipl .
1 —3).
200, ( By ) (129)

The internal energy € is given by

e=1+0s
: : ; C1 : HGo . Fp0 .
=A'S—B‘595- S 9—9@ =1 92_9% T, o B I I i
£ + C?( £ ) + 2 ( S) + 2f)95( B(r ) + 2,095( B?J(H ) (130)
and the specific heat capacity Cv is
Cp=—el =cif+c5. (131)

From (137) and (120)
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. p Jpdee Hh, ) HG .
Tp(f') - g 0, ”PBP(H - 2(Js)2 (Iﬂpm - ‘5) I- 2(J3)2 (IBG’ —-3)I],

p P

and from (137) and (121),

. p JpJg0 iy ( ) e .
Th = Bg — Ig ., —3)1- —(Ip, —3)1],
om0 T 2z U (g oo )

where 16 = 1tGo — kc10, Hp = Hpo — pip16,

We shall further assume that the rate of dissipation ¢ is of the form
§ =+(8)D¢.Dg,

then (126) becomes

S\ s ﬂ My . e .
T = AT+ [/LPB?,U) S (IBM 3)1 O 49 3)1]

]

—
-
o

and (136) reduces to

po

1
T {/"‘po(fJ — peBg — 3 [1ptr(B,)) — pgtr(Bg)] I} =v(#)Dg

The final constitutive equations are

iy jiG .
T = -A¢'I+ % [“PBP(U - ’]_1% (IBPU) N 3) I- Jl]_c: (IBg — 3)1]
P wP “p

m® = A gradg® — a(0)v, 5+ ot (grady),

=constant ?
a, =t = Ok o pGo — Onar
where " g ¢ iE with
£ ) _ 1. B
E {”po(fJ — jgBg — 5 [pzptr(Bp(r)) — ;:.Gtr(BG)] I} =~(0)Dg

being the evolution equation of the natural configuration.
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